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ABSTRACT 

Purely gravitational pp-waves in AdS backgrounds are described by the generalised 
Kaigorodov metrics, and they generically preserve | of the maximum supersymmetry al- 
lowed by the AdS spacetimes. We obtain ^ supersymmetric purely gravitational pp-wave 
solutions, in which the Kaigorodov component is set to zero. We construct pp-waves in AdS 
gauged supergravities supported by a vector field. We find that the solutions m D = 4 and 
D = 5 can then preserve ^ of the supersymmetry. Like those in ungauged supergravities, the 
supernumerary supersymmetry imposes additional constraints on the harmonic function as- 
sociated with the pp-waves. These new backgrounds provide interesting novel features of the 
supersymmetry enhancement for the dual conformal field theory in the infinite-momentum 
frame. 
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1 Introduction 



Maximally supersymmetric pp-waves of type IIB [Tl and M-theory [2] provide simple but 
non-trivial backgrounds for studying [3| the AdS/CFT correspondence since string 

theory on such a background becomes massive and exact solvable 0. These solutions can 
also be obtained from the Penrose limit of AdSx sphere backgrounds of the corresponding 
theories, and thus are supported by form field strengths instead of being purely gravita- 
tional. A large class of pp-waves supported by field strengths in M-theory and type-IIB 
super gravities were studied in [511^1 El- These solutions in general have 16 "standard" 
Killing spinors, that is half of the maximum supersymmetry. For appropriate choices of 
field strengths and integration constants, supernumerary Killing spinors beyond the 16 
standard ones could also arise |H1 El lin| IIH I12| I13j . These include all of those from the Pen- 
rose limit of AdSx sphere arising from non-dilatonic p-branes and/or intersecting p-branes, 
and of AdSx sphere X sphere, arising from non-standard brane intersections |14| . 

It is natural to study the pp-waves in AdS background. The effect of introducing a 
pp-wave can be viewed as performing an infinite boost on the boundary conformal field 
theory |E1E]. The purely gravitational pp-wave in AdS4 was constructed in the 1960s and 
has been known as the Kaigorodov metric 17 . Higher dimensional generalisations, namely, 
the purely gravitational pp-waves in higher AdS spacetimes, were obtained in [15^. These 
metrics are homogeneous and preserve j of the supersymmetry, consisting with the fact that 
in the dual conformal field theory, the original supersymmetry as well as the super conformal 
symmetry, are broken by the boost |TS]. The Kaigorodov metrics can also be generalised to 
a class of inhomogeneous solutions, obtained in [THl ITOl OUj . 

In this paper, we construct pp-waves in AdS gauged supergravities that are not only 
purely gravitational like Kaigorodov metrics but are also those supported in addition by a 
field strength of the theories as well. We show by explicit construction that supernumerary 
supersymmetry can arise with appropriately chosen field strength and integration constants 
in D = 4 and D = 5. The new solutions preserve ^ of the supersymmetry, double the 
number of standard Killing spinors associated with the general pp-wave solutions including 
the Kaigorodov metric. In fact we show that even in the case of pure gravitational pp- 
waves, supernumerary supersymmetry can arise, extending the result of where only j 
supersymmetric purely gravitational pp-waves were discussed. The arising of the supernu- 
merary supersymmetry provides novel features of supersymmetry enhancement for the dual 
conformal field theories in the infinite-momentum frame. 

The paper is organised as follows: In section 2, we discuss the supersymmetry of the 
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purely gravitational pp-waves in the Einstein theory with a cosmological constant in arbi- 
trary dimensions. We show that ^ super symmetric solutions can arise. In section 3, we 
obtain pp-waves in D = 4, A/" = 2 Einstein-Maxwell gauged supergravity supported by the 
Maxwell field. We obtain explicit supernumerary Killing spinors as well as the standard 
Killing spinors. In section 4, we obtain the analogous solutions in D = 5, A/" = 2 Einstein- 
Maxwell gauged supergravity. We show that supernumerary Killing spinors also arise in 
this case. In section 5, we obtain C/(l)-charged pp-wave solutions to minimal AdS gauged 
super gravities in D = 6 and D = 7. In these two cases, the solutions have only standard 
Killing spinors but no supernumerary ones. We conclude our paper in section 5. In ap- 
pendix A, wc uplift some of our solutions to M/string theories. In appendix B, we present 
a general class of pp-waves supported by an ra-form field strength in a D-dimensional AdS 
gravity theory. 

2 Purely gravitational pp-waves 

In this section, we consider purely gravitational pp- waves in Einstein gravity with a negative 
cosmological constant in arbitrary dimensions. The Lagrangian is given by 

e-'ji: = R+{D-l)iD-2)g'', (1) 

where e = (— det{gMN)Y^^ ■ The Killing spinor in this theory satisfies the equation 

VMe = -y^Me. (2) 

We study AdS pp-waves using the metric ansatz 

dsl = e^3f{-Adx+dx- + H{dx+f + dzi dzi) + dp^, (3) 

where the function H depends on p and zi coordinates. The Einstein equations of 
motion reduce to 

UH ^{dl+g{D- l)dp + e^^^ ^ 5^) = , (4) 

1=1 

where the index i stands here for Zj. To discuss the Killing spinor equations, we make a 
natural choice for the vielbein basis 

e+ = e<^Pdx+ , e- = e<^P{-2dx- + \H dx+) , e' = e^^^dz' , = dp , (5) 
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such that we have ds^ = 2e^e + e^e^ + e''e''. In this tangent basis, the spin connections 
are given by 

LO-p = ge^, w+j = ^e~^^9iife+ , uj+p = g e~ + \H' , ujip = ge\ (6) 

where the prime denotes the derivative dp . Note that for the metric in this basis we have 

77-1 = 1 and 77++ = 77 = 0. In the following we use the notation that all derivatives are 

with respect to the curved metric and all indices on gamma matrices are vielbein indices. 
The Killing spinor equations are given by 

D-3 

[a+ + \ge3PV^{Tp + 1) + \ge3PHT_{Tp + 1) + {e^'H'V.p + \ ^ mT_i]e = 0, 

i 

[d^-ge^PT.{Vp + l)]e = 0, 

[d, + \ge3PT,{Tp + l)]e = Q, z = l,2,--- ,D-3, 

[dp + \gTp\e = Q, (7) 

where we have = = and {r+,r_} = 2. Thus, we see that a generic pp-wave in 
a pure Einstein theory with a cosmological constant preserves \ of the maximally allowed 
super symmetry. The projections are given by 

(rp + l)e = = r_e. (8) 

We arc interested in finding solutions that preserve more supersymmetry. One might 
expect that it would be helpful in this case first to analyse the integrability conditions 
[Om ,5jv]e = among the Killing spinor equations. This calculation yields 

= [d+,di]e = -\ [ge^sPH' r, + e^^diH' + ^ djdiH T,] r_e , 

j 

= [d+,dp]e = -lle^^iH" + 2gH')rp + J2diH'ri]r^e. (9) 

i 

The integrability conditions are satisfied provided that r_e = 0. This is an example where 
integrability conditions are not enough for the existence of the Killing spinors. 

To see whether the metrics can admit more supersymmetry than the | , let us use the 
less restrictive projection condition 

ff(rp + l)e = i/r_e, (10) 

where / = f{x^,p,Zi) is to be determined. Substituting this projection into the Killing 
spinor equations, we have 

8+ + y^Pf r+ r_ - i (e^PH' + J2 ^idiH) r_] e = , 

i 

5_e = 0, [di + y<^f^fTiT_]e = 0, [dp + ^fT_ - y]e = . (11) 



The integrability conditions [Om ,5jv]e = among these equations are 

= [di,dj]e = -y3P{Tjdif -T,djf)T_e, 
= [d,,dp\e='^[{e3Pf)'T,-dif]T^e, 

= [d+,d^]e = -\[ie3P[Tid+f -T+d^f) + e^3PfTi + \e3PdiH' 

D-3 

+'2 E 



r_e, 



= [d+,dp]e = -^[id+f + eSPf-i{eaPfyr+ + ^Y.^AH' 

i 

r_e. (12) 



From these integrability conditions we see that if we insist on more supersymmetry than 

(13) 



the usual | we must set 



dif = = diH' and didjH = , i^j. 
We then have 

{e^PfY = 0, 

id+f + e3Pf + \e~3PdidiH = 0, i = 1, 2, • • • , L» - 3 , 

\d+f + e^Pf + \e3P{H" +gH') = 0. 

The conditions in H13|) . together with @, imply that H is given by 

-2gp D-3 



D-3 



-{D-l)gp 



(14) 
(15) 
(16) 

(17) 



where Cj and are functions depending on x'^ only. Equation (jlSf) implies that all Cj's are 
equal, and hence we let Cj = c(x"'"). From eas. H14() and (fTO)) it follows that we must set 
6 = 0. It is straightforward to solve for /, given by 



where U satisfies the following first-order non-linear equation 



(18) 



(19) 



Making use of ea. (|19j) together with the solutions for / and H we can now solve the Killing 
spinor equations given in (|lljl . The Killing spinor solution is 

D-3 



e2 



gp 



i=l 



(20) 



where eo is a constant spinor satisfying (Tp + l)eo = 0. Thus, the metric preserves 2 of the 
supersymmetry. It is important that the final result of our Killing spinors ()2U|) satisfy the 
projection condition (|1U|) . which can be easily verified to be true. 

Note that the special case of c = 0, 6 7^ is the Kaigorodov metric. The above analysis 
implies that it preserves ^ of the supersymmetry. In order to have ^ BPS solutions, it is 
necessary to set the Kaigorodov component to zero. 

Note that in general c is any function depending on x"^. The simplest case is that c is a 
constant. The dependence of c has no effect on the existence of the Killing spinors, but 
only modifies the explicit Killing spinor solutions. 



3 PP-waves in D = A gauged supergravity 
3.1 The solution 

In this section we continue our investigations of supernumerary supersymmetry by including 
a U(l) charge. We start with gauged N = 2 Einstein-Maxwell AdS supergravity, whose 
Lagrangian for the bosonic sector is given by 

e-^Ci = R-\Fl, + Qg\ (21) 

where -F(2) = dA^^^y The supersymmetry transformation rule for the complex gravitino 

^„ = ^L+i^L is nnnu 



5^, 



Vm - yA^, + '^F^B r^^ r„ + \g r,, e . (22) 



We consider the following pp-wave ansatz 

ds^ = e^3f{-4dx+ dx- + H{dx+f + dz^) + dp^ , 
A,,) = g-^S{l-e-^P)dx+, (23) 

where H = H{x^, p, z) and S is here a function of The equations of motion imply that 
H satisfies 

UH = H" + 3gH' + e-'^^PdlH = -S^e'^^P . (24) 
The solution can be expressed as 



where h and c are functions of x+ and Hq satisfies D-ffo = 0. (Note that the terms associated 
with h and c actually belong to Hq . We extract them since they are necessary for the 
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solution to reduce under — > to the pp-wave that is the Penrose hmit of AdS2 x 5^ of 
the corresponding ungauged theory.) 

If we turn off the field strength by setting S = 0, and let Hq depend only on p, namely 
Hq = Co + he~^^P, then we recover the Kaigorodov metric. 

3.2 Standard supersymmetry 

Here we investigate the supersymmetry of the "charged" pp-wave we derived. The Killing 
spinor equations in this background are given by 

[d+ + \ge3PT+{Tp + 1) + \ge3PHT.{Tp + 1) + \T_,d,H + {e^PH'V.p 

+ '^S{e-^P - 1) + {e-3PS Tp r_ r+]e = , 
[d.-ge3PT^{Tp + l)]e = Q, 
[d, + \ge3PT,{Tp + 1) + y-^PST,pT^]e = , 

[dp-{e-^9PSV_ + \gVp]e = Q. (26) 
Imposing the following projections 

(rp + l)e = 0, r_e = 0, (27) 
the Killing spinor equations become 

[a+-i5]e = 0, 9_e = 0, 5, e = , [dp-\g]e = Q. (28) 
Thus the Killing spinor is given by 

^ = e^3P+hSSdx+^^^ (29) 

where eo is a constant spinor satisfying (Tp + l)eo = and r_eo = 0. The solution therefore 
preserves \ of the supersymmetry. We follow the literature |S1 IH] and call these spinors the 
standard Killing spinors, since there is no further requirement on the function H for the 
existence of the e, as long as H satisfies the equation of motion (|24|) . 

3.3 Supernumerary supersymmetry 

When the integration constants of H satisfy further conditions, there can arise additional 
Killing spinors, which are called supernumerary Killing spinors in jHUHI- In order to obtain 
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these Kilhng spinors, we consider the integrabiUty conditions [Om , 9jv]e = 0. We find that 

= [d,, dp\e = ye-spsT,r.{rp + i)e, 

= [d+,d.]e = -ysr_{Tp + i)e, 

= [a+,5,]e = iff5(3-2r+r_)r,(rp + i)e-|e-^^a+5r,pr_e 

= [d+,dp]e = -ye-3PS{3-r+T^){Tp + l)e + le-^3Pd+ST_e 

-\d,H' r, r_e + \e3P [gH' + e-'^^PQ^H + ie'^f^^^] Tp r_e . (30) 

To arrive at the last integrability condition we made use of equation H24|) for H. It is clear 
that the integrability conditions are satisfied with the projections given in H27() . However, 
we now show that it is possible to relax these projections. We find that the integrability 
conditions can also be satisfied, with the following less restrictive projection 

5(r, + l)e = i/r_e, (31) 

where / = f{x~^,p,z) . This gives the projected Killing spinor equations 

[9+ - i5 - y-'e-sPfST^ + ^{e^Pf + ^e~3PS)r+ T. 
-l{e9PH' + T,d,H)T^]e = 0, 5_ e = , 

[dp + i{f-'^e-'^PS)r.-y]e = 0. (32) 

The integrability conditions among these equations are 

= [d,,dp]e = -^[r^dj - (e^Pf)' + lge-sPS]r,r.e, 

= [d+,d,]e = -'^[i{e^Pd+f + ^e~^Pd+S)T,-{ie^PT+-g-'e-^^S)dJ 

+{e'Pf + ^e->^PSf r, + i(e^^a,F' + T^d^H)] r_e , 
= [9+,9p]e = -i[i(9+/-ie-2^''9+5)+g-i5(e-n)' 

_i((e9P/)' _ lge-^PS)T+ + ^e^P{H" + gH') + \T,d,H' 

+e3P{f -\e-^3Ps-^)]T_e. (33) 

It is clear from these expressions that if we want more supersymmetry than | we need again 
to impose dzf = = dzH' . The vanishing of the integrability conditions in this case then 
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yields the equations 

{e3f>fy-ye-^ps = o, 

\{d+f + \e~^3PQ^s) + \e-3PdlH + e3P{f + \e-^3Psf = o , (34) 
i{d+f - \e-^3PQ^s) + g-^S{e-3Pf)' + \e3P{H" + gH') + e<^P f - ie-^^P^s ^ q _ 

From the first of eas- PSf) we obtain 

f = -\e-^3PS + e-3PU , (35) 

where U = U{x^) is in general a complex function. Note that S" is a real function. Using 
the solution for / and the equation for H the remaining two equations in (|35|) gives 

+ [72+192^ = 0, 
dx+ 2 

i-^ - e-sPS^ + 3SU + ge^sPH' + e^Pd'^.H = . (36) 

Since the functions 5 and U depend only on we need to check that the p dependence in 
the equation for S drops out before we can proceed. For this we need to make use of the 
solution for H, which is given by (^5]). Setting Hq = 0, and substituting H into eas. (|5^ we 

havc"*^ 



i^-3SibS-U) = 0, i-^ + C/2 + lc52 = 0. (37) 



.f--3S{bS-U) = 0, if- 

ax^ ax^ 

In order to solve these equations we rewrite U into an real and imaginary part U = u + 'w. 
Eas. (|S7|) then yield the following set of equations: 

+ 3vS = 0, -^ + 2uu = 0, S{u-bS) = 0, 



dx+ dx+ 
^+v'-u^-lcS^ = 0. (38) 

We have four equations for the five functions S,u,v,b and c, and so one function will be 
left arbitrary. We present the solution to eas.()38|) in terms of the function b. The solution 
is given by 

_i db 



k 




k 




u = 




2b^ 


r d% 


kh 


12" 


ldx+^ 


63. 



b- 



dx~^ ' 

(39) 



where k is an arbitrary constant and we have taken S 7^ 0. (The case with = was 
considered in section 2.) Note that the original generic ^ supersymmetric solution depending 
^It is straightforward to verify that in general supernumeary supersymmetry requires that Ho be given 
by II17II . which is not the most general solution for UHq = . 
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on the three functions b, c and S now only have one independent function in order for the 
solution to have the enhanced ^ supersymmetry. 

We next turn to presenting the explicit Killing spinors. The Killing spinor equations 

are 

[d+ -^S- ^g-^e-3PfST_ + ^Ur+ T_ - \{e3PH' + czS'^ r^)r_]e = , 

a_e = 0, [a, + iC/r,r_]e = 0, [dp- y-^fV. -\g]e = Q, (40) 

where / is given by (|,35|) . The third equation of the above implies e = (1 — f/F^ r_) x 

1 

x{p-,x'^). Substituting this into the fourth equation yields the solution x = e2^''(l + 
^g^^ fT^)'q{x^) . The equation for -q can be obtained from the first equation of (|40j) after 
making use of eqs. (|37|) . We have 

i[5-[/r+r.]r? = 0. (41) 

Note that it requires conspiracy for the z and p dependent terms to drop out. Finally, we 
arrive at the Killing spinor, given by 

"l-i(l-e-^^^^^'^)F+F_jeo, (42) 

where eo is a constant spinor, satisfying the projection 

(Fp + l)eo = 0. (43) 

There are two special cases that are worth considering. The first case is that b is set to 
a constant, implying that f = 0. It follows then that the functions S and u are constants 
as well, and c = —26^. Assuming S = the Killing spinor in this case is given by 

e = J29P+hP-\l-l^bzT,T^){l+-^g-^fT^) 

1- i(l_e-i'^''-+)F+F_]eo, (44) 

where eo is a constant spinor, satisfying the projection (Fp + l)eo = 0. Thus after imposing 
the condition c = —26^, the solution has ^ of the supersymmetry instead of the | for 
a generic pp-wave solution. The standard Killing spinors are those with an additional 
projection F_eo = 0, in which case, e of (|44|) becomes that in (|29j) . The supernumerary 
Killing spinors are the remaining half with F_eo 7^ 0. 

The function for the pp-wave with supernumerary supersymmetry, is given by 



H = -^^b^z^-g-^f = -^^^b^z^+g~\b^e-^3P + le-^^P-be-^3P) 
f = _i^(e-2ffP_ 266-^^0 . (45) 
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If we set 6 = ^ , we have H = -fj!^ [^z^ + 9'"^ sm}c?{\gp) e"^^'']. We can then take the 5^0 
hmit and obtain a pp-wave in ungauged D = A, N = 2 Einstein Maxwell supergravity. The 
solution is given by 

ds^ = -Adx+ dx- -lfi^{z^ + p^){dx+f + dz^ + dp^, (46) 
F(2) = -p dx+ A dp . (47) 

This is precisely the pp-wave arising from the Penrose limit of AdS2 x S'^, which is known 
to have supernumerary supersymmetries [^El- 

Note that in the ansatz (|23|) . we could instead have used j4(i) = fizdx^. The metric in 
this case is identical to that with yl(i) given in H23|) . However, we verified that the solution 
would be non-super symmetric, because of the explicit ^(i) dependence in the supersymmetry 
transformation rule. 

Charged pp- waves with c = were also obtained in "^T, by performing an infinite boost 
of the AdS charged black holes. It can be deduced from the above analysis that the solution 
with c = has only the standard supersymmetry. We can also obtain pure gravitational ^ 
supersymmetric pp-waves by setting b = b/p, and then sending p ^ 0. 

In [25 a general class of pp-waves that preserve | of the supersymmetry were given. 
PP-waves with ^ of the supersymmetry were also obtained in [25], where the Killing spinors 
were given in component language, whilst ours are presented in an elegant form, in terms 
of constant spinors satisfying a single gamma matrix projection. 

The second special case corresponds to the absence of the Kaigorodov component b 
which can be achieved by taking a degenerate limit of (|39j) . It is worth examing on its own. 
In this case we have the coupled system 

^ + 3„5 = 0, |L + „=-lcS-0. (48) 

This implies a relation between the metric functions c and S, given by 

c = -|5"3i!^ + |5-4f-^)'. (49) 
^ dx+^ ^ \dx+J ^ ' 

Making use of these equations together with the solutions for H and / the Killing spinor 
equations (|lfl|l yield the solution 

1_ i(l_e>'^-+)r+rJeo, (50) 
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where eo is a constant spinor satisfying (Fp + l)eo = 0. For the functions H and / we have 



H = 



2^ 

/ = -\e-^<^PS + \e-3Pv . (51) 

We can consider a special case of eas. (|48p by setting c = constant and v = kS where k is 
a (real) constant. In this case the equations fixes k to k"^ = —jc with c < 0. The equation 
for S is 

"^^+^52 = 0, (52) 



with the solution given by S{x~^) = 1/(1 + k x^) . 

4 PP-waves in D = 5 gauged supergravity 

4.1 The solution 

For simplicity, we consider simple gauged supergravity in D = 5. The Lagrangian for the 
bosonic sector is given by j^H] 

e-'C, = R- \Fl^ + + I2g\ (53) 

Analogous to the D = A discussion, we use the following pp-wave ansatz 

ds"^ = e^sP{-Adx+dx- + H{dx+f + dzl + dz^) + dp^, 

= ^g-^S{l-e-^<^P)dx+, (54) 

where S = S{x^). The supergravity equations of motion then reduce to the following 

2 

DH = H" + 4gH' + e-29P ^ dfH = -e-^^Ps^. (55) 

i=l 

The solution is given by 

H = S-' [^{c,zf + C2zl) + <7-'(i(ci + C2) e-29P - ^e~~^9P + fte'^^O] + , (56) 

where Cj and h are functions of x'^ and □//q = 0. The generalised Kaigorodov-type metric 
is obtained by setting 5 = and Hq = cq + be~^^P with cq and 6 now being constants. 

4.2 Supersymmetry 

The supersymmetry transformation on the gravitino is given by 

= [Vm - ^ - 1^75 (Tm r-^^ - 3 F-^^ Fm) + ^5 TmIe , (57) 

12 



where e is a complex symplectic spinor. For our pp-wave background, the Kihing spinor 
equations are given by 

[9+ + ye^'T+iVp + 1) + \ge3PHT^{Tp + 1) + {e^PR'T^p 

2 

1=1 

[d, + \ge3PTi{Tp + l) + ^e~^3PSTipT_]e = G, i = 1,2, 
[dp-^^e-^''ST^ + \gTp]e = ^. (58) 

As in the case of D = 4, the standard Kilhng spinors, which exist for ah H satisfying (|55|1 . 
arise with the following projections (T p + l)e = and r_e = 0. The Killing spinor equations 
become 

[9+-i^5]e = 0, 5_e = 0, 5ie = 0, [dp-\g\€ = Q. (59) 

Thus, the generic pp-waves we considered preserve | of the standard super symmetry. In 
j27| . a general class of null solutions with j of the supersymmetry were obtained, however, 
the issue of supernumerary supersymmetry was not addressed. We demonstrate below that, 
as in the case of D = 4, supernumerary Killing spinors can also arise. 

To obtain the supernumerary Killing spinor and the corresponding conditions on we 
impose the following projection on the spinors 

g(rp + l)e = i/r_e. (60) 

The Killing spinor equations become 

i 

-\{e3PH' + V2,g-^e-'^^Pf S)TJ\ e = , a_ e = , 
[^^ + ^{e^Pf + ^e-^3PS)r, r_]e = , 

[dp + hU - ;).e-3f^5)r_ - \g]e = . (61) 
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The integrability conditions among these equations are 



= [di,dp]e = -^[dJ-{e^Pfyr, + j^ge-^^PSr,]r.e, 

3 

i 

-i((e^^/)' - j=^ge-^^PS)r+ + le^P{H" + gH') 

- 73^~''''S){e>^'f + ^3^''''^)]^-^ ■ (62) 
To have more supersymmetry than the ^ we need to set 

dj = = diH' and djdiH = , i^j. (63) 

The integrability conditions then imply 



dU 



g~^e^3PS{e-^9Pfy _ -i=e^^^(F" + gH') 



dx^ \/3 dx^ J 

_ 2 g3,p^(^_ 1 g-3,p^)^0^ 



(64) 



where U = U{x^). Substituting in the solution for H, given by ()56() . we find that it is 
necessary to have that ci = C2 = c, and that Hq is given by p7|) . For simplicity, we set 
Hq = here since the Hq represents the pure gravitational component, which was discussed 
in section 2. The equations for S and U are then given by 



_ iSiVsbS -U)=0, + [/2 + ic52 = . 

dx+ dx+ ^ 

Substituting \J = u^'w into the above yields the equations 



(65) 



dS 

dx~^ 
dv 



+ AvS = 0. 



du 

d^ 



+ 2uv = Q, 5(n- V^ftS*) = 0, 



dx+ ^ 



(66) 



The solution to these equations is 

S ■■ 



k_ 

52 ' 



u 



V3k 



d^b I / db \^ 



2b\dx 
14 



- 1 db 
~ 2bd^' 

6b\ 



(67) 



where k is an arbitrary constant and we have taken S ^ 0. Note that as in the case of 
D = 4, the original generic |-supersymmetric metric depending on the four functions b, 
ci, C2 and S now only have one independent function in order for the solution to have the 
enhanced ^ supersymmetry. 

The Killing spinor is calculated from the equations 

-l{e^PH' + cS^{zi Ti + Z2 r2))r_]e = , 
a_e = 0, [di + ^UTiT_]e = 0, [dp - f - y]e = . (68) 

The solution is 

, = ehp+''TlS^-^{l-iU{ziT, + Z2r2)r_){l + ^g-'fr_) 

x[l-i(l-e-^-''^''^+)r+rJeo, (69) 

where eo is a constant spinor satisfying (Tp + l)eo = 0. As in D = 4 we consider two special 
cases. The first corresponds to f = , which implies that b, c and S are all constants, with 
c = —66^. Letting S = /j, the Killing spinor in this case is given by 

e = e^<^^''T^^-^(l-i^^^b{zlT, + Z2T2)^_){l + y-'fT_) 

xh- i(i-e-'^'^''^^)r+r_leo, (70) 

where eo is a constant spinor satisfying {Tp + l)eo = 0. Thus the solution preserves half 
of the supersymmetry. Among all the Killing spinors, the standard ones are those with 

r_eo = 0, whilst the remaining half with r_eo 7^ are the supernumerary ones. The 
function H for the pp-waves with supernumerary supersymmetry is given by 

H = -2^,%\zl + zl)-g-^f 

= -fi^[3b\zl + zl) + g-^iW^ e-'^sP + t^e'^^'' - be'^^P)] , 
f = -^75/^(6-'^"- 666-^0 • (71) 

If we further let 6 = | , we have = — ^^//^(zf + z| + 4cj'~^ sm\^^ {gp) e~^^P). This enables 
us to take the limit 5 — ^ 0, giving rise to a pp-wave in the corresponding ungauged D = h 
super gravity, given by 

ds^ = -Ux'^ dx' - ^ix^ {zl + zl + Ap^) {dx'^f + dzl + dzl + dp^ , 

F(2) = -p.dx'^Adp. (72) 
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This pp-wave can also arise from the Penrose hmit of AdSs x 5^ or AdS2 x , which have 
supernumerary supersymmetries. 

The second case is that of 6 = 0, and hence eas. H66|) reduce to 



dS 



+ 4vS = 0. 



dv 



+ - ^cS^ = 0. 



The Kihing spinor is then given by 
1 . Vs 



e = e2^'^e^-/^'^^^(l + it;(ziri + Z2r2)r_)(l + i5"Vr-) 



1- i(i-e>'^^^)r+r_ 



where eo is a constant spinor satisfying (Fp + l)eo = and 



H 

f 



1 q2 
2^ 



c{zl + zl) + 2g-^e~^3P^c-^e 



(73) 



(74) 



(75) 



If we speciahse to v = kS and c = —Qk^ where /c is a constant, the system ()73p simphfies 
to 



dS 
d^ 



+ AkS"^ = . 



(76) 



5 PP-waves in D = 6 and D = 7 



5.1 D = 6 

Our next example is in the Romans six-dimensional gauged M = (1, 1) supergravity |28j . 
The bosonic field content comprises the metric, a dilaton (j), a 2-form potential, a U (1) 
potential and the gauge potentials A*^) of SU{2) Yang- Mills. The Lagrangian describing 
the bosonic sector is UHl 

C = R*l-^*d^Ad(/) + {2glX^ + yig2X~^-lglX-^)*l 

- *F,3) A F(3) - \X-^ A + *F^,^ A F^,^ (77) 

- ^(2) A (idS(i) A + i52>i(2) A + ^glA^2) A + }^F^,^ A Fj^^,) , 

1 , 

where X = e 2V2 , ^,3, = dAja, , = dB^^^ + §52^(2) , i^(2) = d^^, + ^<?ieafec^fi) A A^^y 
The fermions of this theory comprise symplectic-Majorana gravitinos ^ mi and dilatinos Aj 
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where z = 1,2 is an 5*^(1) index. The supersymmetry transformations are given by [30] 



1 

'8V2 



+^X-\Gas 6^ -iT'^F^si^) r^^ . (78) 



The gauge covariant derivative is defined as D^^i = Vm^i + ^di-^Mi^^j where Ami^ = 
^Ai(-o"")j-' with the field strength given by Fmni^ = dmA^i^ + ^giAMi'A^k^ - {m ^ n) 
and cj" are the usual Pauli matrices. 

In this paper, we consider pp-wave solutions supported by only one field strength. Owing 
to the Chern-Simons modifications to various field strengths, we find that this can only be 
done with a U{\) vector field coming from the SU{2) Yang- Mills. Thus we consistently set 
all the remaining form fields to zero, and also without loss of generality (while insisting on 
AdS background) take gi = 92 = — 3g/\/2. This leads to the pp-wave ansatz 

= e^3P{-Mx^ dx- + H{dx-^f + dzl+dzl + dzl) + dp^, 
A,,, = i5"i5(l-e-3f0dx+, (79) 

where S = S{x~^). The equations of motion reduce to 

3 

UH = H" + 5gH' + e-^^P ^dfH = -e'^sP^s ^ ^gQ^ 

i=l 

and the solution for H is given by 

3 

H = S^[hYl + 9~'{Uci +C2 + C3)e-^>^f - ^e-^^P + ^e'^^^)] + , (81) 
1=1 

where OHq = 0. The b and Cj are functions of x^ . 

We now investigate the supersymmetry of the pp-waves. This is more conveniently done 
if we rewrite the symplectic-Majorana spinors using a Dirac notation. (See ^2 details.) 
The Killing spinor equations from the gravitino transformation rule are given by 

[d+ - ^5 + |(e^^/ + ^^e-'^PS)T+ r_ - 1 ^ TAH T_ 

i 

-^i9~'e-^'PfS + j=e^PH')T^] 6 = 0, 9_ e = , 
[^^ + Ue^Pf + ^e-^>^PS)T, r„]e = , i = 1, 2, 3, 

[^P + -2^f- 172^"''''^)^- - = ' (82) 
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where we have made use of the projection condition g{Tp + l)e = i/r_e and where / = 
/(x+j p, Zi). The integrabihty conditions [Om , 5jv]e = among these projected KiUing spinor 
equations are 

= [5,,9,]e = -i[(?i/-(e^^/ + ^e-3^^S)'ri]r_e, 

= [d+,di]e = -l[i{e^Pd+f + j^e-'<^Pd+S)Ti+^^J2^jdjdiH 

j 

+\e^PdiH' + {e^PJ + ^e-^^fSfVi - (ie^^r+ - -^g-^e-^^PS)dif]T_e, 

i 

+(/ - i73e"''"5)(e^^/ + ij=^e-^''S) + \e^\ll" + gH')\ T _e . (83) 

As before it is required that we set 

dif = = diH' and djdiH = , i^j, (84) 

and Cj = c . The integrability conditions yield after using the solution for H the following 
results 

f = -j^e-^^''S + e-^''U, 



+ C/^ + 4c5^ = 0. 



i-^ + ^e-3s^5[5(7 - 2me^3P) + 60V2e^<^P U] = . (85) 

In the case of 5 = 0, corresponding to purely gravitational waves, discussed in section 2, 
the last equation is trivially satisfied. When S ^ 0, due to the p dependence, we conclude 
that no supersymmetry enhancement can occur here. This is expected, since in ungauged 
D = 6, M = {1, 1) supergravity, the pp-waves supported by a 2-form field strength also 
have no supernumerary supersymmetry. The solution does have standard supersymmetry 
though. The Killing spinor is given by 

, = >^+i75^^'^^%o, (86) 

where (rp + l)eo = = r_eo. It is easy to verify that the Killing spinor equations associated 
with both the gravitino and dilatino transformation rules are satisfied. Thus the solution 
preserves | of the supersymmetry. 
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The Lagrangian for the bosonic sector of half-maximum supergravity in seven dimensions 
|32j can be written as follows 



£ = * 1 - i*# A - *F(4) A F(4) - \X-'^ *F^^^ A Fj^^, 
+ 1^(2) A A ^(3) - i7352F(4) A A(3) 

+ (25?X2 + 2g,g2X~^ - ^g^X-^) *1 , (87) 



where X = e , F(4) = (iyl(3) and F^j^ = + ^S'leabc^fi) A A'^-^^y In addition there is 
a "self-duality" condition that must be imposed, given by 

^'*^('') =-72^2^3) + 1^(3), (88) 

where W(3) is defined as a;(3) = A" j A F^^) ~ ^abc ^^i) A A^^j A ^^^^ . This theory has a pair 
of symplectic-Majorana gravitinos ^pMi and a pair of dilatinos Aj, where i = 1, 2 is an SP{1) 
index. The fermionic supersymmetry transformations are given by j3Uj 

+ ^(5iX-52X-^)e^, (89) 

where Ami-' = A^j(—a"')i^. Owing to the odd-dimensional self-duality condition for the 
A(3), our standard ansatz for the pp-wave metric does not work for vl(3). We thus consider 
the pp-wave supported only by the U{1) subsector of the SU{2) Yang- Mills. The pp-wave 
solution is given by 

Ad = \9-'S{l-e-'3ndx+, (90) 
where S = S{x^) and H satisfies 

4 

DH = H" + 6gH' + e'^sP ^ gfjj ^ _g-io<;p^2 (g^^ 

i=l 

Here we have set gi = g2 = —2\pig. The function H can be solved, given by 

^ = [l E + (I E - ^e-i°^^ + 6 e'^^'')] + , (92) 

i=l i=l 
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with DiJo = and b and Cj are functions of x'^. 

The projected KiUing spinor equations from the gravitino transformation rule are given 

by 

i 

-^2^9-'e-'^^fS + j=e>^PH')r_] 6 = 0, d.e = 0, 
[^^ + Ue''f + ^e''''S)T, r_]e = , ^ = 1, 2, 3, 4, 

+ ^(/ - ^2^~'''S)T_ - y]e = . (93) 

The integrabihty conditions 

= [di,dp]e = -^[dif-{e^ff + ^e-^^fSyri]T^e, 

= [^+,^^]e = -^[i{e^^^+f + ^e-^<^''^+S)^^ + ^Y.^,^,^^H 

j 

i 

- ^«"'''^)(«''/ + ^«"'''^) + + aH')] r-6 , (94) 

imply that there is no supernumerary Killing spinors in this case. This should be expected 
since in = 7, even in ungauged supergravities, there is no pp-wave supported by a 2- 
form field strength that has supernumerary supersymmetry. The solution does have | of 
standard supersymmetry, with the Killing spinor given by 

^^^P+iTS^^'^^^o, (95) 

where {Tp + l)eo = = r_eo . 



6 Conclusions 

In this paper, we have constructed [/(l)-charged pp-wave solutions in AdS gauged super- 
gravities in 4 < D < 7 dimensions. Generically these solutions preserve | of the super- 
symmetry. In = 4 and = 5, with an appropriate choice for the integration constants, 
we have shown that supernumerary supersymmetry can arise so that the solutions instead 
preserve ^ of the supersymmetry. These solutions can take a limit to become the pp-waves 
that are the Penrose limits of AdS x sphere of the corresponding ungauged supergravities. 
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In D = 6 and D = 7, we find that there can be no supernumerary supersymmetry for the 
L'"(l)-charged pp-waves. We also considered a general class of purely gravitational pp-waves 
in Einstein gravity with a cosmological constant in diverse dimensions. We showed that 
supernumerary supersymmetry could arise and obtained explicitly the 5-BPS gravitational 
pp-waves. 

The introduction of a pp-wave in the AdS background can be viewed as performing an 
infinite boost in the strong coupled dual conformal field theory with a finite momentum 
density. The non-vanishing momentum breaks the original supersymmetry and supercon- 

formal symmetry, and hence the supersymmetry is now | of the unboosted theory. We have 
shown in the supergravity side that the supersymmetry can be doubled when the pp-wave 
is U{1) charged, corresponding to an R charge in the dual field theory. This indicates a 
novel supersymmetry enhancement associated with the R charges in the dual three- and 
four-dimensional field theories. It is of interest to discover such a phenomenon in the dual 
quantum field theory in the infinite-momentum frame. 
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APPENDICES 
A Uplifting to M/String theory 

In this appendix we uplift the super symmetric solutions supported by the U(l) charge to 
ten and eleven dimensions. In the case of the four- and five-dimensional solutions we uplift 
those with S being a constant. The four- and seven-dimensional solutions are embedded in 
M-theory and the solutions in D = 5 and D = 6 are uplifted to type-IIB supergravity and 
to Romans massive theory, respectively. 
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A.l D = 4 oxidised to D = 11 

The embedding formulae to eleven dimensions were obtained in or we can also use the 
ansatz in [HSl after truncating to our case. We obtain 

dsn = e^3P[-Ux^dx- - fi^i^z^ + g-^ sinh2(igp)e-=^^''')(dx+)=^ + dz'^] + dp^ 

+4g-^dC + g-2[c2 {af + 4 + hj) + {af + + hi)] , 
F(4) = -Qge^^f'dx^ A dx^ A dp Adz - fig~'^[s c A 0-3 + ^c^cti A a2 

-s c A (73 + 5-1 A 5-2] A dx^ A dz , (96) 

where crj are the three left-invariant 1-forms on satisfying dui = —^^ijk'^j A ■ They 
are given by cJi + ia2 = e~^'^{dO + isin^d^j) and = dip + cos 6 dip in terms of the Euler 
angles. The ai are left-invariant 1-forms on a second S^. We have also defined 

c = cos ^ , s = sin ^ , 

h3 = cT3- i/i(l - e''^f)dx+, h3 = ^3- - e-^P)dx+, 

£(3) = 0-1 A fT2 A /i3 , e(3) = CTi A 5-2 A ^3 . (97) 

In this pp-wave, the internal S'^ is twisted but not flattened. Analogous solution but with 
untwisted round S"^ can be found in . 

A. 2 D = 5 oxidised to type IIB 

Using the uplifting formulae to type IIB in [341 137j we obtain for the metric 

dslo = e^3P[-Ux^dx- - ^p^Hzf + 4 + 45~^ smh^{gp) e-^3P)^dx+f 

3 

+dzl + dzl\ + dp" + g-^ + + 173/^(1 - e~^'')dx+? ] > (98) 

1=1 

and for the 5-form field strength F(5) = G(5) -|- *G(5) , 

3 

G(5) = -8ge'^^Pdx+ Adx- AdpAd^z-^pg~'^J2'^if^'i)^d(j)iAdx^ Ad'^z. (99) 

The Pi are parameterised as 

/xi = sin6', p2 = cos9 sinip , /is = cos ^ cos V' , (100) 
in terms of the angles on a 2-sphere. 
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A. 3 D = 6 oxidised to Romans massive theory 

The bosonic sector of Romans massive theory [38 is described by the Lagrangian 



5 " 

-idi(3) A di(3) A - \m di(3) A - ^m2(i(2))^ - \w?e2't>n , (101) 



where the field strengths are defined as 

F(2) = + ml(2) , -F(3) = di(2) , 

F(4) = di(3) + A di(2) + ^mi(2) A i(2) . (102) 

Note that the Bianchi identities in this theory are given by 

dF(4) = F(2) A F(3) , dF(3) = , dF(2) = mF(3) . (103) 

Using the embedding formulae obtained in [^HI we can lift our six dimensional solution to 
a solution of the above theory. It is given by (with m = g) 

dsl^ = sT2 [dsl + Ig-^df + Ig-^c^ {af + al + hi)] , 

= 10^-3 .,1/3^3 ^ g^^^ _ _2_^-2g-3gp^[gl/3^^^ ^ _ 1^4/3^2 ^ ^ ^ ^ 

F(3)=0, F(2)=0, 6-^ = 5-5/6, (104) 

where ds\ is given by ((7^ and (|5T|) . and s, c, e(3) and (Tj have the same definitions as before 
and /i3 = f73 - -^S{1 - e~^9P)dx+. 

A.4 D = 7 oxidised to D = 11 

Using the embedding ansatz in [HHl we obtain 

dsn = ds^T + \g-^de + y-''c\al + al + hl), (105) 
^3) = ^^g-'^{2s + sc^)e^,^ + ^g~^Se-^3Psdx+ ^dp^az, 

where ds^ is given by (|Un|) and (j^ . The field strength F(4) = dA^-j,) is 

^(4) = ii9'^<? A 6(3) + ^g'^S e-^3Pc dx+ AdpAd^Aa3 

+Yi^9~'^Se-'^9P s dx^ A dp A ai A a2 , (106) 

where s, c, €(3) and ai have the same definitions as before and /13 = cts — ;^'S'(1 — e~'^9P)dx~^ . 
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B A general class of pp-waves 



In this appendix we present the AdS pp-waves supported by an arbitrary n-form field 
strength in any dimensions D. The Lagrangian for such a system is given by 

e-^C, = R- + (D-l)iD- 2)g\ (107) 

where the field strength is defined as = dj4(„_i). Our pp-wave ansatz is 

ds'^ = e^^P{-Adx-^ dx- + H{dx^ f + dz'^) + dp^, 

= {zS,{x^) - ^^j^'X^\ (e-(^-^-+^)^^ - 1)) dx^ A d--^z . (108) 

The field strength and its dual are 

= s^e^^-^'^-'^^<^pdp^dx+ ^d^-''-'^z- S^idx^ ^d^-''-^z. (109) 
Thus the equation of motion d*F(^j^^ = is trivially satisfied. The Einstein equation implies 

D-3 
i=l 

with the solution given by 



2g'^{D-i)j^^ 2g'^n{D - 2n - 1) 

S2^-2(D-n)gp ^ 

2g^D-n){D-2n + l)^^ ^ ' 

The a, b and Cj are functions of x~^. This solution is not valid for D = 2n — 1 or D = 2n + 1 
which have to be considered separately. We find that 

/f(0 = 2„ + l,x+,p,^) = a + 6e-'"-- + ^^g^ "g'a + ''"^^ e'^"' 

2(n-l) 

2 



s? 



A. I) ^2 ' 

i=l 



(112) 



4^2(77, 

and iJ(Z) = 2n — 1) can be obtained from H{D = 2n + 1) by making the substitution 

and Si < — > S2 . (113) 
(This substitution is not performed on the field strength.) 
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